
Scalar QED on the lattice

s=fdʰx{ ate, Fri + lDmeP+m4eP+ 1191 "}h

Field tensor Fµo=0rAo -2An

covariant der
. Dµ=2µ+iAµ

Gauge transf . Api = Am
,

- 2µA Fiw = 0µ(Au -227%(11+-42)=1%0

q
'
= ei 4 Dpiq

'
= ftp.i-iap-igideidq-eiddpq

Goal : discretion on the lattice while keeping gauge invariance !



Gauge transf . Api - Am-2µA F'µu=0µ(Au -227%(11+-47)=1%0
Goutiuuum ) q

'
= city Dpiq

'
= ftp.i-iap-igideidq-eiddp.q

Goal : discretion on the lattice while keeping gauge invariance .

Istaf Let's try A'µ=Ap- Afd deity Dµq=@pE+iAµ)q
Important !

D'µq' = (2pf+iAµ - riff 'd) eidqcx)
= 2pf[ like] (x) - ieid%µT G) + ieid'¥µµq(×,

hit /eidd.IN/=ieid%f1cx1qad+eidk1gtqlx)
= eiH×+ae%lx+aaeµ)-eid% - ieidkbpfdlxlqlxl-iie.it/*Aplx7celx)

≠ eidt) Dµqlx)

Also ID'µq↑≠1DµqP is not gauge invariant ! Faves !



Gauge transf . Api - Am-2µA F'µu=Jµ(Au -217%(4-42)=1%0
Goutiuuum ) q

'
= city Dpiq

'
= ftp.i-iap-igideidq-eiddp.q

Goal : discretion on the lattice while keeping gauge invariance .

Igt Let's try q'=eiᵗq Dµq=@pf+iAµ)q
Let's impose Dja'=eidDpq and find A'm

Dpicécx)=(2µf+iAµ) eidcelx) = { { e
""""%lx+aeµ ) - e } + ieid

"
#

'

placed
11 require

eitMDµqk) = eid Chettiar)ql✗)= eia { qCx+aq) -qlx)} + ieid Ark)qk)
-

eidlxtaem )solve for A'plx) : iei
""

A'rlxlqlx) -_ iei
""
Arlxkelx) + e÷ᵈ⇒qk+aeµ ) -a- qlxtaem)

AHH = Adx) + i eiÑ*ⁿ%"" %;a¥ Transformation of A
depends on e-
FAILED !



Gauge transf . Api - Am-2µA F 'µu=0µ(Au -227%(11+-42)=1%0
Goutiuuum ) q

'
= city Dpiq

'
= ftp.i-iap-igideidq-eiddp.q

Goal : discretion on the lattice while keeping gauge invariance .

Key : understand the geometric meaning of the covariant derivative
.

✗ Xtaepi
• •

41×1 celxtaeoi) } from the point of view of
↓ ↓

gauge transformations , it does noteidMqx) eidlx-aer.ly/x+aepe ) make sense to consider 2µF@A)

We want to construct a function of plainer) that transforms like celx) -



a

eisoolsttmlxtser ) qq.ae,) → eifo%bArlx-serle-iffdsqidlx-serle.it/x+aq )celxtaer)
①

-

¥Hx+seµ1= eifo%bArk-semle-if.TO/so&sHx+sem)eid1x+aep)
cecxtaqe)

= } §H×+ser)jᵈg/✗ + sea)g( = qgak.se,) @µ ), ] = jihads #phase,) gig /*aqy-aajyeiaq.aep.gg ,,+aeµ ,= } 2gal✗ +ser) 8µg
=2µH✗+seµ)

= eialxl [ e. is :O's Ark
"""] gamer)

w/ ✗ → ✗+ av) = parallel transporter for Wilson line ) along the straight line
from ✗ to ✗+ar

= exp { iSYds¥vµAµlx+sv ) } c- V14

Under gauge transformation Nix → ✗+aer) = ei
""
W(✗→ ✗+aeme-idG-aertwtx-x-aep.ly/x+aem)--eidk)Wlx-sx+aep)qCx+aepi )



a RD generic vector

gilds -2µm Am /✗+ sv)qµ+a, ) → eiffdsvrd-rlx-sde-iffdsyidprdlx-svleiacx-ia.ir)
9 /✗+av)

① ¥gIl✗+sv)= ① iffdsvrd-rk-sde-iffdsjf-salx-s.ir) eiacxtav)= e qlxtav )

2µdlx+sv¥gG+sDr
=
eiffdsvrArk.su) e- i [11×+4-11×7] eiacxtav)

= vµJrHx+sv)
] 9 /✗+au)

= eidkle.is?dsvpArlx-isv)4lx+av )

w/ ✗ → ✗+ av) = parallel transporter for Wilson line ) along the straight line
from ✗ to ✗+ar

= exp { iSYds¥vµAµlx+sv ) } c- V41

Under gauge transformation Nix → ✗+av ) = ei
""
W(✗→ ✗+au ) e-

idk"" )

W' lx→x+av)qlx+av ) = eid WA→✗+au ) qlxtav )



Gauge transf . Api - Am-2µA F'µu=0µ(Au -227%(11+-42)=1%0
Goutiuuum ) q

'
= city Dpiq

'
= ftp.i-iap-igideidq-eiddpq

Goal : discretion on the lattice while keeping gauge invariance .

Key : understand the geometric meaning of the covariant derivative
.

•✗¥Ñ+aeµ Wl✗→×+av ) → ei""w(✗→ ✗+av ) e- idk
'-at

41×1 celxtaepi) wlx-sx-iaepfqlx-iaep-eidkwlx-x-iaq.IQ/x
↓

eidHq×)
↓

eidlx-iaer.ly/x+aepe ) Wlx→x+aeµ)q /✗ + aepr) transforms like 91×1

"Normal
"

derivative covariant derivative

Dpielx)=¥a[WCx→x+aer)9lx+aer)]a=◦field = ¥a9l×+aer)|a=o
-

check : ¥a[e%%↳*M*ˢ%k+aer))a→=WG→x+aeµ) / iApk-aerqk-aqd-jf-aqlxi-aqtfa-j-fiArlxl-H.at)



Gauge transf . Api - Am-2µA F'µu=0µ(Au -227%(11+-42)=1%0
Goutiuuum ) q

'
= city Dpiq

'
= ftp.i-iap-igideidq-eiddpq

Goal : discretion on the lattice while keeping gauge invariance .

Key : understand the geometric meaning of the covariant derivative
.

•✗×É•+aeµ Wl✗→×+av ) → ei""wf✗→✗+a✓ ) e- idk'_a✓)

41×1 celxtaepi) wlx-sx-iaepfqlx-iaepj-eidkwlx-x-iaep.IQ/x
↓

eidHq×)
↓

eidlx-iaer.ly/x+aepe ) Wlx→x+aeµ)q /✗ + aepr) transforms like 91×1

"Normal
"

derivative Covariant derivative

Dpiekl-od-afwcx-x-iaerkelx-iaerifa.io §¥w:p.Jpielx) = ¥a9lx+aer)|a=o dropthe

= lion cek+aeg)-qG)_ = @in WG-sx-iaerkeax-iaerl-ce.CI get a
a→o

a" possible
discretization



Gauge transf . Api = Am-2µA F 'µu=0µ(Au -227%(11+-42)=1%0
Goutiuuum ) q

'
= city Dpiq

'
= ftp.i-iap-igideidq-eiddp.q

Goal : discretion on the lattice while keeping gauge invariance .

Key : understand the geometric meaning of the covariant derivative
.

&¥Ñ+aeµ Wlx→ ✗+aer) → ei""wf✗→✗+aq) e-it#%)

4¥ celxtaeoi) wlx-sx-iaep.IQ/x+aep)-seidAwlx-x-iaqdqH
↓

eid"kd✗) eidlx-iaer.ly/x+aepe ) Dfµq(×) = WA→✗+aeµ)qafeµ)_qA1 forward
discrete
covariant

D%qk7 → eid Dpfqlx) derivative

can we write Fpw in terms of parallel transporters ? µ±•×+aer+aeu↑.It must be possible since Fµ=_i[Dµ ,
Do] = - i(DpDu -Duba)

✗

•

F



Consider the parallel transport along a square in the µo plane (µ≠u )
✗+ aeu

<
✗+aer""

) = w(×→×+aep)W(×+aeµ→✗+aer+a" ) "w/
> ✗ Wlxtaqraeu → xtaeu )W(x+aeu→✗)

✗+aer

1) W/ ) → ei# wfx-sxi-aepfe-idktaemeidk-aerlwlx-aep-x-aemaeo-eidk-aer.la") ✗

✗ eidk-aem-aedwfx-aq-aeu-x-aeuje-idk-aedeida-ae.tw/x-aeu→ ×) e- idk

= ei"" W ) e- it =W ) i.e . WCA) is gauge
a

invariant

2) µ ( ) = eifodsdt-TMH-seo.tt") ← let's prove this



✗+ aeu ✗+aeptaeu

integral of Fµu over the surface %
✗ xtaep

a

= folsolt Fµlx+seµ+teu) = f)dsolt Grau - 2uAµ)( ✗+ septtev)
0

a

= fodsdtfcf-sltulx-sq-ted-f-u-Arlx-ser-t.eu )]
a

= f↑dt[Aulxtaertteu) - Ao /✗ + ted] - fools [itself-Arr☐
-

a

eifodsdtfpwlxtsepiteu)
= W(xaeµ) W(x+aep→er+aeu)

✗ wCx→xaer)*Wl✗aeu)*



General property wlx-iav-sxl-wlx-iav-x-iav-aD-expfifids-ZC-rDAgcx-iav.su ) }
change of ←
variable

Stas
= exp {-if:b'

-}yAg(x+sv)}

=Wlx→x+av)*

eiffdsdtt-pwlx-seo.tt")
= W(×aeµ) W(x+aep→er+aeD
✗w(x→xaer)*Wl✗aeu)*

= Wfx→x+aq)W(x-iaep-sx-aep-iaeulwcx-caep-aeu-x-aeujwcx-io.eu → ×)

=w( ) a.✗ er



Consider the parallel transport along a square in the µo plane (µ≠u )
✗+ aeu

<
✗+aer""

) = w(×→×+aep)W(×+aeµ→✗+aer+a" ) "w/
> ✗ Wlxtaqraeu → xtaeu )W(x+aeu→✗)

✗+aer

1) W/ ) → ei"" wfx-sxi-aepfe-idk-aerleidk-aerlwlx-aep-x-aemaeo-eidk-aer.la") ✗

✗ eidk-aem-aedwfx-aq-aeu-x-aeuje-idk-aedeidk-ae.tw/x-aeu→ ×) e- idk

= ei"" W ) e- it =W ) i.e . WCG) is gauge
invariant

2) µ ( ) = eiˢᵈtFMl×+ˢer+ᵗ") = 1- + ia2Fµ(×) +Ofi )

Fµl×)=g wa2ˢ
3) Rew# = 1- - ¥ Fµ%x) +Old) ← let's prove this



W ) = e.
if!ᵈˢdtFµul×+sq+teu)

= 1- + fifdsdtfpeo) + { ( is!dsoHFµoY+ Obi )

Rew (A) = 1- { { %sdtFµlx+sep+teu)} + Oct ) =

= 1- azʰFµf G) +065 )

☐•



Consider the parallel transport along a square in the µo plane (µ≠u )
✗+ aeu

<
✗+aer""

) = w(×→×+aep)W(×+aeµ→✗+aer+a" ) "w/
> ✗ Wlxtaqraeu → xtaeu )W(x+aeu→✗)

✗+aer

1) W/ ) → ei"" wfx-sxi-aepfe-idktaemeidk-aerlwlx-aepn-x-aemaeo-eidk-aer.la") ✗

✗ eidk-aem-aedwfx-aq-aeu-x-aeuje-idk-aeuleidk-ae.tw/x-aeu→ ×) e- idk

= ei"" W ) e- i"" --W ) i.e . WCA) is gauge
invariant

2) µ ( ) = eiˢᵈtFµol×+ˢer+ᵗe°) = 1- + iaFµ(×) +Ofi )

Fµl×)=g Wfa{I . this becomes 0Gt / only
after Eaa

9
3) ReW) = 1- - ¥ t-pefcx-ocas-4-fmicxl-tzaufi-Rewl.fr)} -10k)



What we've got so far.. .

s = folk/ ate, Fri + 1DmeP+m4eP+ 1191 "}ant h

a→,
WG-sx-iaera.at/+aer)-ekl----aliygDf.celx)--DrqHOn smooth field configurations : lim

em ¥11 - Rew jaw)] = 1- Faith
a→ 0

Gat = -2-22%11 - Rew /Daet] + Za4{ IDEA P+m4aP -14-191"}
✗c-A µ-1-0 ✗ aer ✗C-A-

1) On smooth field configurations tiff seat = S

2) Stat depends only on WCx→×+aeµ) and eat for ✗ c-A
_

In particular spot depends on Aµ only via W
.

3) Seat is invariant under gauge transformations WA→✗+aq)→ eid NG→✗+aq)e-iH×+ak)
41×1 → e.idk)qk)



Statue) = -2-22%11 - Rew )] + Za4{1DfieP+m4aP -11-191"}
XEA µ-1-0 ✗ aer ✗EN

1) On smooth field configurations tiff seat = S

2) Slat depends only on WCx→×+aeµ) and eat for ✗ c-A
_

In particular spot depends on Aµ only via W
.

3) Slat is invariant under gauge transformations WA→✗+aq)→ eid NG→✗+aq)e-iH×+ak)
41×1 → e.idk)qk)

Now we take this action seriously and we declare that :

a e a

• Uprlx) = w(✗ → ✗+era) with ✗c-A [ link variables]
a) •¥! •

• qlx) with ✗c- A

are the fundamental degrees of freedom of the regularized theory-
cutoff regular't .

[ celxlxea is a sampling of the field cekkc.ru

"

ma
!!]UµH*n is a sort of gauge- covariant sampling of the field Apk) ✗←ma] ③"+""" •was



In order to define the path - integral of scalar QED ,
we need

at a discretized gauge - invariant action ✓

41 a gauge -invariant integration measure _

• The scalar field is complex q(D=ReqH+iImeH

Natural choice [014014+1]=1×1-01Reek)dImak)

Under a gauge transformation

qlcx) -_ eid
"
@G) =[cos + isindf) ] [Reek)+i2md✗D

Req' = Cosa Ree - sima Ime µ (Ree
'

Imd -- sima Reynosa T.mg gone , /=/
"d- ☐

4) ( Ree )
Simd cost Lance

[old]= / ◦let / costal -sindhisundae cosacx)) / olRe9MdIm 9=11×-01Re @G) dfcnqlx) - [dy] ✓



In order to define the path - integral of scalar QED ,
we need

at a discretized gauge - invariant action ✓

G) a gauge -invariant integration measure _
✓ Im

0pA)

• UµCx) c- UG) = { 7- c- Q sit
. 12-1=13 ?⃝→Relflx)

Parametrize Uµlx)=eiÑ⇒ with art c-Tart)
"t rotational - invariant integration]Jo

,,,

◦Wplxl flunk)) = 2%501%1×1 flew" ) [measure on the circle
0 → unique up to normalization

Under a gauge transformation Ufulx) = eid 0µW e-
idltaer)

✗pilx) = ✗plx) -121×1 - dlxtaer)
7A dlxtdktagnl -121T At

fgkjlxlfle.it"") = f dark fleitirl" ) =p f. dark f(either"' ) ✓
Xx) -dither)

periodicity of integrand



In order to define the path - integral of scalar QED ,
we need

at a discretized gauge - invariant action

statue) = -2-22%11 - Rew /Da")] + Za4{1DfieP+m4aP -11-191"}
XEA µ-1-0 ✗ aer ✗EN

41 a gauge -invariant integration measure _ [dead] low]

[dedei] = # dReeHdFmql⇒ dunk) is the rotational- invariant

[010] -- ftp.doplx) measure on the circle with unit circumference

In a finite lattice
,
the partition function is finite without gauge fixing !

Statoil) ≥ ÉnaʰmYqP ⇒ 2- = ffdqdikw] e-↳ ≤ f[dqde*do]é¥nᵈʰ%P=
=/InfoWorld] /* fdreqixdt.mg/x)e-ahmlReceADe-a9m2EfmdxD2
= 1 • [ dye

-a"mÑ]%Ñ < +is ↑
⑧



V11) gauge theory + scalar field SOCN) gauge theory+scalar field

DOF office Um c- OCD ☒ EEN 0µA) ESUCN )

Gauge ∅ → eidl" ☒ → Dalton

transform . 0µA) → eid 0µA)eiN✗+% ) Up → ☒ Upa)DCx+aeµ)

AGNER i. e. eid c- UG) ☒ ESOCN )

forward
covariant Dµf&=ta{ 0µA)&k+aeµ) -011×1} same

derivative

Actionsg-z-ek-E.am?g/1-Rew(DaeuDsg-S--Sg+Sm✗ aeon

sm=¥a.at/lDifeP+mYaP+g4.-ke1 "} same

Path - integral Edie] /did] -1010]=×Ñ{dReqMdImaHµTdUµk) }
measure

010,1×7 is the rotational - invariant dork) is the Haar measure on SOCN)
measure onlhe circle with unit length



V41 gauge theory + scalar field SOCN) gauge theory+scalar field

gauge The action and the measure are invariant

invariance under gauge transformations

"Naive continuum let Ark)tR and@HE be let Apia) be a complex hermitean traceless
limit" smooth fields in the continuum .

NXN matrix ,
smooth in ✗c-Rh

_

Let ee

be smooth in ✗ C- Rʰ

If we identify a If we identify
isodsltplxser) a

Uplx)=W(x→x+aeµ)=e Up/×)=W(x→✗+aq)=Pe fools Arl×+sq)
then then

f4atC4q ) = fig slat wie)

=f×%FÑ+lDraFm4a4 + f- Kel"} =L
,
/ ¥ᵗzFÑ+lDmP+m%Y+&kd"}

Finiteness

of z
2- = fHedÑoN]é$*" '" is finite on a finite lattice





✗+ aeu
✗+aer""

) = µ(✗→ ✗+age)W(×+aeµ → ✗taerta" ) "w/
> ✗ Wlxtaqraeu → xtaeu )W(✗+aeu→✗)

✗+aep

wcx-sx-iaeml-expfiffdsltplx-serig-expfifds-LA.ua) + sonar +064]}
= exp { iaAµk)+Éa2 ftp.lx) + Ola} ) }

W/✗+aeµ→✗+aeµ+aeu) = exp { iaAuCx+aep) + Éa2%Auk+aeµ) -1063)}
= exp { ia Adx) + iñ2µAulx) + izazrdultulx) + Otis)}

W/✗→✗ +aeµ)W(x+aeµ→x+aeµ+au) = exp { ia ftp.t#o)Cx)+iz-oiGrAp-2uADk)+ia27AolH+0CaY}



✗taeu
*aer""

) = w(×→×+aep)W(×+aeµ→✗+aer+a" ) "w/
> ✗ Wlxtaqraeu → xtaeu )W(x+aeu→✗)

✗+aer D

[
= " "→ """"" """→ """"" "

✗ [wlx-sxi-aeulwcx-iaeu-sx-aeu-aep.IT
= [WH-sxi-aep.IN/x+api-sx-aeptaeD] ✗[ µ☐*

General property wlx-iav-sxl-wlx-iav-x-iav-avl-expfifids-ZC-vDAgcx-iav.su ) }
change of ←
variable

stas
= exp {-if:b'

_}yAg(x+sv)}

=WCx→x+av)*



✗+ aeu
✗+aer""

) = w(✗→ ✗+age)W(×+aeµ → ✗ taertaeo ) "w/
> ✗ Wlxtaqraeu → xtaeu )W(x+aeu→✗)

✗+aep

= W/✗→ x+aeµ)Wl×+aeµ→ ✗+aeptaeu )

✗ [W/✗→ xi-aeulwcx-iaeu-sx-aeu-aep.IT
= [W/✗→ ✗+aem)Wl✗+aµ→ ✗ +aertaeu)] ✗[ µ☐*

=

exp { iala-p-AD-i-otffAp-%AD-iazq.tt , +Ofi) }

exp { - iak-p-AD-iz.az/qAp+ouAo)+ia22rAr+OCa3)}
= exp {- ia2FµoCx) -10Gt)} = 1- ia2Fµok) -1063)

W/✗→✗ +aeµ)W(x+aeµ→x+aeµ+au) = exp { ia ftp.t#o)cx)+iz-oiGrAp-2uADk)+ia27AolH+OCaY}



Calculation in radial gauge {Ñµlz)
= #plz ) - Opitz )

Zp Api (X-12-7--0 tz

ZµAÑ/✗+71=0 ⇔ Zp2µdlx+7) = zpAp(✗+ 2- ) V7

⇒ d(✗+✗7) = zpfidlx-az-7-zpA.pk-127)

⇒ d(✗+ a) = 21×1 + fjdajf-aalx-m-J-dlxl-fidazp.hr/x+az )

choose 21×1--0 : 2ft) = A-×)gfjdaAg( a-a)✗ + ✗ 2- )
Arplz / = Aplz) -fjdqftplli-alx-xz-1-ft-xgf.jo/aafiAg(li-a7x-az-)t-:Y-a--fooktoY-[Arata/✗ +at)] - G-×)g§daa7Ag(a-☒)×+at )

= G-Hg fiola ✗ Fgµ(a-4×+4) ①



AM✗+7) = 2g Had Fgp 1×+27)
M

=

Zg da É- % 7A
,

-
" Zan Jai - Zan Fsr /×)

= 75 Ég (¥
.7xi-7an7ni-2nnFgpk7Apilxtaep-seu7-s_E@Fm.ca

em + seu)a . - - Caen sedan %
,

- - - Zan Fuµ(×)

kids AiG+seu)= % (91%-1.3%4)

w(Jl ) = ei Sids AÑ✗+aeµ+seu ) - i Sids Aflx+aeu+ser )
= eiafods AT /✗ + a Cerise)) - lmao)

= eioffodsleptseu)g dad Fgu (✗ + aalqiseu)) - frat

Fgu G) + afepiseu



✗ = (Xo
,
×

, , Xz , Xz) µ=
0

,
0=1

✗+aeu
[repeated indices are not summed]

µ≠V
D= full square 1%1

,
/
""

"
"°

ei¥iTᵈ"%⇔ / = wl×-eµ)WC✗+aq→x+aq+a7e=✗gµV ifftp.ux-x-iaer ✗ [wx+aeuWE→×-É*
✗ota Xia

[↑?] fdz.dz#aG-l/--fdzoJoIz, ②A, -2Ao)(70171×21×3)
72=112Dol
zg=✗z

Xo ✗ I

= fktax.dz#E-EE)-A-x-x.xd]
- 1×0+9

×
,

Otto /Aoftoiiaixzixs) -AEE) ]
a a

= fodsltdx-s.IT#stifx+ae--sei)-fodsAo(x+aei-seI
- fidsA)



✗ = (Xo
,
×

, 1×21×3) µ=0 ,
0=1

[repeated indices are not summed]
µ≠V

"

a×+aemauµ,
eifDµ%rᵈ"%°=W(µ)WCx+aq→x+aq+aD= full square

✗ ✗+ aer ✗ [wx+aeuWeu+aE+aeuD*

D

General property Wlx+av→×)=Wl✗+av→×+av -au)
use this

=

exp { ifids-ZC-vDAgcx-iav.su ) } here

change of µ←

variable

Stas
= exp {-if:b'

_}yAg(x+sv)}

=WCx→x+av)*



✗ = (Xo
,
×

, , Xz , Xz) µ=
0

,
0=1

µ≠V
"

a×+aemauD= full squareµV

✗ ✗+ aer

[repeated indices are not summed]

↑≠°eifD°µ¥ᵈᵗ°F⇔ / = W(×→×+aeµ)W(✗+aq→✗+aq+aeDW(✗ +aeptaeu→ ✗+aeu)Wlxtaeu→ ×)2-g- Xp
if ftp.o

= W( eu)
✗ er




